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In the common industrial thin sheet metal forming process at room temperature, in which
in-homogenous deformation under the plane stress condition is typically the case, sheets
are so ductile that sheet forming more often fails after abruptly severe strain localization,
especially in the thinning mode. In such a case, measuring the fracture property might be
impractical and an alternative criterion to measure sheet proneness to abruptly severe
strain localization according to deformation modes, often dubbed as the forming limit cri-
terion, replaces the fracture criterion to account for formability of the sheet, assuming that
the criterion is applicable as a material property. However, severe strain localization is a
mathematical consequence (of the boundary value problem) of the principle of linear
momentum and the constitutive law; therefore not a part of material properties in princi-
ple, regardless of its sensitivity to deformation path. Nonetheless, the assumed applicabil-
ity of the forming limit criterion as a material property in approximation for room
temperature forming under the plane stress condition was partially validated in Part II
in view of regular and modiﬁed hemispherical dome stretching and circular cup drawing
tests, while its deformation path insensitive formulae were theoretically justiﬁed in Part
I by examining the isotropic hardening formulation of rigid-plasticity and also theoretical
forming limit models including the Considère (1885), Dorn and Thomsen (1947) and Hill
(1952) models as well as the M–K (1967) model.
 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Sheet metal forming is mainly driven by stretching, while bulk forming is by compression, and thin sheet forming fails
most commonly by local sheet split incurred under stretching modes. Typical thin sheet forming is more or less under
the plane stress mode, with such exceptions of hole-expansion and processes involving sharp bending like ﬂanging, for
which the 3-D analysis is proper. The sheet capacity to withstand fracture (or split), the fracture criterion, is considered a
part of material properties in the continuum scale analysis along with potentials to describe yielding, hardening behavior
(including the rate sensitivity) and the normality rule.
4 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34Apart from the subject commonly known as fracture mechanics, which addresses crack propagation triggered by the
spontaneous growth of existing (macroscopic) voids under the critical external stress, fracture of materials particularly
regarding macroscopic voids formation has been an important research topic because of its signiﬁcance in scientiﬁc value
as well as engineering applications. While brittle fracture near initial yielding is important for product design to avoid
the breakage of products during their usage, ductile fracture is important for process design to avoid pre-mature forming
failure such as during sheet forming.
Numerous studies have been conducted on ductile fracture of commonmetals such as steel and aluminum alloys over the
last several decades. Earlier efforts have been focused on the effect of high stress-triaxiality (the ratio of the hydrostatic
stress to the effective stress) on ductile fracture associated with nucleation, growth and coalescence of micro-voids. Their
experiments and theoretical modeling have conﬁrmed that fracture tolerance when measured with the effective plastic
strain decreases monotonically as triaxiality increases (Garrison and Moody, 1987; Hancock and Mackenzie, 1976;
Johnson and Cook, 1985; Le Roy et al., 1981; McClintock, 1968; Rice and Tracey, 1969; Van Stone et al., 1985). Similar works
covering the shear-induced fracture under low or even negative triaxiality condition have been presented by many research-
ers including McClintock (1972) and Johnson and Cook (1985), who have validated that the effective fracture strain
decreases as triaxiality becomes smaller below the simple tension case as well. Fracture incurred by voids growth has been
also found strongly dependent on the Lode angle through theoretical modeling (Gao and Kim, 2006; Kim et al., 2004; Zhang
et al., 2001) as well as experimental works (Barsoum and Faleskog, 2007).
Constitutive laws involving ductile fracture have been proposed by Gurson (1977) considering yield criteria under the
framework of compressible plasticity for porous materials, in which softening of hardening behavior (hardening deteriora-
tion) resulted frommicro-void nucleation, growth and coalescence has been accounted for. Tvergaard and Needleman (1984)
have extended the Gurson model in their GTNmodel. The GTNmodel has been even further extended to incorporate the void
shearing mechanism of damage, which depends on the third stress invariant (Nahshon and Hutchinson, 2008; Xue, 2008).
Adopting a damage parameter instead of a void parameter in a phenomenological way, Lemaitre (1992) has proposed a duc-
tile damage model, in which material degradation leads to the decrease of material stiffness, strength and remaining duc-
tility. In the GTN and Lemaitre models, softening of hardening behavior and the onset of ductile fracture have been
coupled each other. However, their fracture criteria have been not explicit in their dependency on the stress-triaxiality
and the Lode angle.
The fracture criterion, which is explicit in its dependency on the stress-triaxiality and the Lode angle, has been developed
by Bai and Wierzbicki (2008, 2010) based on the modiﬁed Mohr–Coloumb stress-based fracture criterion. The model, how-
ever, does not account for the softening of hardening behavior, which has been addressed in the GTN model. Chung et al.
(2011b) have developed an inverse calibration method to experimentally characterize the softening of hardening behavior
and the triaxiality-dependent fracture criterion, which have been applied to evaluate the formability of the TWIP (twinning
induced plasticity) steel sheet in hole-expansion under the high triaxiality condition.
Fracture behavior has been considered as a deformation path-dependent material property. To address its deformation
path dependence, numerous empirical fracture criteria have been also proposed (Brozzo et al., 1972; Clift et al., 1990;
Cockcroft and Latham, 1968; Oyane et al., 1980). Recently, more advanced empirical fracture criteria have been proposed
by many researchers (Khan and Liu, 2012a,b; Lou et al., 2014).
To predict forming failure in an effort to optimize the forming process, characterizing a fracture criterion is a requisite as a
part of material properties. However, in typical industrial thin sheet metal forming processes at room temperature, forming
is driven by stretching under the plane stress condition (including the case of draw forming for which sheet draw-in is con-
strained enough) and fracture occurs either with or without abruptly severe strain localization as shown in Fig. 1. In the
thickening mode, wrinkling is dominant, while, in the thinning mode, fracture accompanying abruptly severe strain locali-
zation is most common for highly ductile sheets, even though fracture without severe strain localization is occasionallyWrinkling
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Fig. 1. Typical sheet formability under the plane stress condition.
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the boundary between thinning and thickening modes under the in-plane shear (IPS) mode, the sheet wrinkles or breaks
down but without strain localization (Li et al., 2010): the shear-induced fracture.
Failure patterns of fracture with or without severe strain localization are easily identiﬁed as shown in Fig. 2(a) for the
simple tension test. For DP980 and 340R steel sheets, which fail with severe strain localization, fracture lines are developed
skewed on the top view, while side views show cone shapes with rough fracture surfaces resulted from signiﬁcant micro-
void growth during strain localization. The TWIP steel shows vertical fracture on the top view and the skewed side view with
clean fracture surface without local thinning. Samples which fail with severe strain localization demonstrate well developed
voids and dimples at the magniﬁed fractured surface while those which fail without strain localization do not, as shown in
Fig. 2(b).
As for the failure in the thinning mode, if no any particular failure criterion is imposed as a part of material properties,
strain is localized ultimately rather abruptly and severely, especially for room temperature forming, as a mathematical con-
sequence (of the boundary value problem) of the principle of linear momentum and the constitutive law such as the hard-
ening property and the rate sensitivity. When sheets are either brittle or only moderately ductile, forming failure (or
formability) is assessable by imposing fracture criterion, which is deformation path-dependent as a material property in gen-
eral. When sheets are highly ductile, forming fails more commonly with abruptly severe strain localization, especially for
room temperature forming of rate-insensitive or low strain rate sensitive sheets. For such failure, measuring the fracture
property might be impractical and an alternative criterion to measure sheet proneness to abruptly severe strain localization
according to deformation modes has replaced the fracture criterion to account for the sheet formability, assuming that the
criterion is applicable as a material property: the forming limit criterion.
There have been numerous studies on the failure with strain localization of sheet metal forming. Keeler and Backhofen
(1963) have developed forming limit diagrams (FLD), regarding the formability of metal sheets associated with strain local-
ization and neck formation for biaxially stretched sheets, while experiments to measure FLD have been developed by
Goodwin (1968), Marciniak et al. (1973), Hecker (1975, 1977) and Keeler and Brazier (1977). Efforts also have been made
to develop theoretical FLD based on two theoretical frameworks: the maximum force and Marciniak–Kuczynski (M–K) mod-
els. The major difference between two models is the geometric constraint imposed on the model. As for the maximum force
model not involving any geometric constraint, Considère has proposed a model for the simple tension case (1885), which has
been further extended by Dorn and Thomsen (1947), Swift (1952) and Hill (1952) for biaxial stretching. The model without
involving geometric constraint is also available in the work by Stören and Rice (1975), Rice (1976) and Bigoni and Hueckel
(1991) as well as Loret and Rizzi (1997), in which the bifurcation theory has been developed associated with the loss of(a) 
(b) 
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Fig. 2. Fracture with or without severe strain localization observed in the simple tension test: the view of (a) specimens and (b) magniﬁed fractured
surfaces (Chung et al., 2011b).
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model has been developed by Marciniak and Kuczyn´ski (1967) and later improved by Hutchinson and Neale (1979), in which
the geometric constraint is imposed: the M–K model. Recently, the M–K model has been further extended to describe more
general loadings such as through-thickness shear by Eyckens et al. (2009, 2011) and Allwood and Shouler (2009). Also, Neil
and Agnew (2009), Franz et al. (2013, 2009) and Haddag et al. (2009) as well as Zhang and Wang (2012) have applied
advanced or sophisticated constitutive laws involving ductile fracture or even crystal plasticity for theoretical FLD models.
Fracture with or without severe strain localization are also illustrated in Fig. 3, which are the results of hemispherical
dome stretching tests performed with rectangular and square blanks: the low carbon 340R sheet showed fracture with
severe strain localization (therefore, with rough fracture surfaces) and the TWIP sheet showed fracture without any strain
localization (consequently, with clean fracture surfaces) for both blanks, while the DP980 sheet showed fracture with and
without severe strain localization for rectangular and square blanks, respectively. Their failure criteria, which are the fracture
and forming limit criteria, are also schematically compared in Fig. 3.
While the relevance of the fracture criterion as an independent material property is acceptable in the continuum scale
analysis without proof, that of the forming limit criterion which is the proneness measure of the sheet to abruptly severe
strain localization would need proof or extensive validations if analytical proof is unavailable, since the strain localization
(whether it is severe or not) is in principle the mathematical consequence of the boundary value problem of the linear
momentum principle and the constitutive law under typical forming conditions. The relevance of the forming limit criterionMinor strain
Major strain
Fracture
0
TWIP940
FLD
Minor strain
Major strain
FLD
Fracture
0
340R
Minor strain
Major strain
FLD
Fracture
0
DP980
FLD exp. 
(specimen width : 25mm)
FLD exp. 
(specimen width : 200mm)
Failure with strain localization Failure with strain localization
FLD exp. 
(specimen width : 25mm)
FLD exp. 
(specimen width : 200mm)
Failure with strain localization Failure without strain localization
FLD exp. 
(specimen width : 25mm)
FLD exp. 
(specimen width : 200mm)
Failure without strain localization Failure without strain localization
Fig. 3. Fracture with or without severe strain localization observed in the hemispherical dome stretching test for 340R, DP980 and TWIP steel sheets and
the schematic comparison of their failure criteria.
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attempted in this work, even though validation is still only partial. If the forming limit criterion is a material property,
the forming condition would determine only the onset location and the deformation mode near the strain localization (or
critical) site, while the limit local deformation amount near the critical site would be independent of the forming condition
in approximation, especially when strain localization is abruptly severe, regardless of the deformation path sensitivity of the
forming limit criterion.
The forming limit criterion as a measure of sheet proneness to abruptly severe strain localization according to deforma-
tion modes (in the simple theoretical model) or as the average deformation of survival material elements neighboring the
strain localization site (in the experiment and computational analysis of forming processes) might be deformation path
insensitive, if properly formulated. The forming limit criterion is usually measured using the hemispherical dome stretching
test and results have been typically plotted in the (principal) strain component space for linear strain paths: the strain-based
forming limit diagram. However, deformation paths are non-linear in real forming and the deformation path effect on the
forming limit criterion has been investigated by many researcher including Kikuma and Nakazima (1971), Laukonis and
Ghosh (1978), Ishigaki (1979) and Barata da Rocha and Jalinier (1984) as well as Graf and Hosford (1993, 1994), which have
conﬁrmed the signiﬁcant deformation path effect on the strain-based forming limit diagram. In an effort to develop a new
way to handle forming limit criterion, which is less or not sensitive to the deformation path, the stress-based FLD has been
developed (Arrieux et al., 1982, 1987; Gronostajski, 1984; Khan and Baig, 2011; Kleemola and Pelkkikangas, 1977; Li et al.,
2013; Marin and Sauer, 1953; Stoughton, 2001; Yoshida and Kuwabara, 2007; Yoshida et al., 2005; Zhao et al., 1996), as
reviewed by Stoughton and Zhu (2004). Alternatives to the stress-based FLD have been further proposed based on the
effective stain by Muschenborn and Sonne (1975), Yoshida et al. (2007), Bai and Wimbicki (2008) and Stoughton and
Yoon (2012): x-EPS. Recently, the path-insensitivity of the x-EPS has been validated based on the M–K analysis by Zeng
et al. (2008).
The objectives of this work are two folds: the validation of the deformation path insensitive formulae of the forming limit
criterion and the validation of forming condition independence of the forming limit criterion to justify its feature as a mate-
rial property for typical room temperature thin sheet forming under the plane stress condition (therefore, sheet forming with
sharp bending and its so-called shear fracture analyzed by Kim et al. (2011) and hole expansion are beyond the scope of this
work). Validation for the second objective was carried out through numerical simulations of sheet metal forming processes
in Part II, while deformation path insensitive formulae of the forming limit criterion were theoretically justiﬁed in Part I by
examining the isotropic hardening formulation of rigid-plasticity and also theoretical forming limit models such as the max-
imum force models including the Considère (1885), Dorn (1947) and Hill (1952) models as well as the M–K (1967) model.
Along such an effort in Part I, the theoretical models were formulated as well as analyzed in a newly uniﬁed framework
based on two-element models, in which the maximum force and M–K models were classiﬁed as models without/with geo-
metric constraints, respectively. Some of previous works on the M–K model were also reviewed.
2. Theoretical FLD models
The isotropic hardening of an orthogonal (orthotropic) anisotropic yield function coupled with the associated ﬂow rule
was considered for rigid-plasticity here, even though the model can be further extended for more general anisotropic cases
coupled with non- or associated ﬂow rules. As for the isotropic hardening behavior, no hardening deterioration (or material
softening) was considered for the theoretical FLD models.
2.1. Maximum force models (without geometric constraints): Considère, Dorn and Hill criteria
To illustrate the maximum force models, consider a simpliﬁed sheet structure, which consists of two regions as shown in
Fig. 4: the a- and b-regions representing the homogeneous and imperfection regions, respectively, in which the b-region is
initially thinner (therefore, smaller in the cross-sectional area) than the a-region, triggering the inhomogeneous deforma-
tion. This simple structure, which is similar with that of the M–K model, is newly introduced for the maximum force model
in this work mainly in order to consistently compare the physical implication of the maximum force models with that of the
M–K model.
Fig. 4 shows the deﬁnition of coordinate systems: 1- and 2- are the major and minor principal directions of stresses,
respectively (but not the major and minor principal directions of strains for anisotropic sheets, in general). The x- and
y- are material coordinates associated with anisotropy (e.g., the principal directions of orthogonal anisotropy) on the sheet
under the plane stress condition. Here, X and h are the angles from the 1- to x-directions and 1- to n-directions (as positive in
the counterclockwise direction), respectively, where the t- and n-directions are the tangential and normal directions of the
interface between the a- and b-regions. The main feature of the maximum force model is that there is no geometric
constraint at the interface between the two regions and only the force equilibrium condition is imposed, while the same
deformation modes are shared by the two regions.
2.1.1. The Considère model
Now, for the Considère criterion, consider the simple tension case, for which h ¼ 0, while the force in the 2-direction
vanishes, F2 ¼ 0, and for the force on the 1-direction
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Fig. 4. A simpliﬁed sheet structure, which consists of two regions: (a) top view and (b) side view.
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Aa;b01 ‘
a;b
01
‘a;b1
¼ ra;b1 Aa;b01 exp ea;b1
 
ð1Þ
¼ cra;bAa;b01 exp ea;b1
 
ð2ÞHere, ra;b1 , A
a;b
1 , ‘
a;b
01 , ‘
a;b
1 , ra;b and c are the stress, (spatial or Eulerian) cross-sectional area, initial (with the subscript ‘‘0’’
representing the initial) and ﬁnal (spatial or Eulerian) lengths, anisotropic effective stress and the ratio of ra;b1 to ra;b, respec-
tively. Also, ea;b1 is the true strain deﬁned for the monotonously proportional deformation; i.e., e
a;b
1;2 ¼mT1;2  ð
R
_ea;bdtÞ m1;2 ¼
mT1;2  ðlnUa;bÞ m1;2, where _e, U are the rate of deformation and right stretch tensors deﬁned in the material coordinate sys-
tem, respectively, andm1;2 are the unit vectors in the 1- and 2-direction, respectively (Chung and Richmond, 1992a,b, 1993).
Note that the non-zero (counterclockwise) angle X from the 1- and x-directions is preserved for the anisotropic sheet during
deformation, even though material lines initially aligned in the 1- and 2-directions rotate to new directions unless X is
initially zero or the sheet is isotropic: spatially ﬁxed in the Eulerian formulation. In Eq. (1), ra;b1 ever increases, while A
a;b
1 ever
decreases in general so that Fa;b1 initially increases but eventually decreases as the rate of the area decrease is more dominant
than that of the stress increase as schematically shown in Fig. 5. Here, the ratio of Aa1 and A
b
1 is maintained with that of the
initial areas and so is the ratio of Fa1 and F
b
1 for the same e1.
When the force equilibrium condition is imposed, Fa1 ¼ Fb1, both regions deform together even though the b-region
deforms more until Fb1 reaches its maximum ﬁrst. After F
b
1 reaches its maximum, both F
a;b
1 decrease by the force equilibrium
condition but the b-region continues to deform plastically, while the a-region is frozen: abrupt strain localization. Under the
circumstance, the fracture criterion for the b-region becomes not so meaning for highly ductile sheets but the maximum
force criterion is, as the forming limit criterion for the onset of the abrupt strain localization; i.e.,dFb1 ¼ dcrbAb01 expðeb1Þ þ cdrbAb01 expðeb1Þ  crbAb01 expðeb1Þdeb1 ¼ 0 ð3Þ
leading to, after the normality rule is applied de1de ¼ @r@r1
 
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Fig. 5. Force in the stretching mode.
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deþ dr
d _e
d _e ¼ @r
@r1
 1
c
dc
de
 
rde ð4Þwhere deð¼ _eds; s is the timeÞ is the effective strain increment. Note that Eq. (4) is applied for the imperfection region and
the result is not affected by the initial cross-sectional area difference of the two regions. After imposing the proportional
loading condition as well as the constant deformation rate, dcde ¼ 0 and d
_e
de ¼ 0, Eq. (4) becomes
dr
de
¼ r @r
@r1
ð5Þwhich further leads to, considering monotonous stretching,e1 ¼ n ð6Þ
for any anisotropic sheet with the Hollomon type hardening behavior coupled with the power law type rate sensitivity,
r ¼ Kenð _e= _e0Þm, and non-zero X. Note that Eqs. (4) and (5) are valid for any reference state to deﬁne the effective quantities,
r and de, which are ﬁrst order homogeneous functions of their stress and strain increment components, respectively. Eq. (5)
is often used as a criterion for the ultimate tensile strength (UTS) point to identify the uniform deformation limit in the sim-
ple tension test as a matter of convenience, especially with r ¼ r1.
Now, consider that the sheet blank is simpliﬁed as a network of 1-D rods having the same thickness as schematically
drawn in Fig. 6, in which rods rotate freely at the joint and only the force equilibrium condition is imposed at the joint. When
the Hollomon type hardening law is applied for the 1-D rod and such a rod structure is subjected to monotonous stretching
during sheet forming, a rod breaks down when it is stretched to e1 ¼ n (or the forming limit condition shown in Eq. (4) for the
rate sensitive sheet). Since the forming limit condition is independent of the forming condition for such a rod structure, while
the forming condition determines the location of the critical rod only when it breaks down, the forming limit condition is
justiﬁed as a material property.
2.1.2. The Dorn model
The Dorn criterion is just an extension of the Considère criterion such that the same stress condition shared by the a- and
b-regions covers not only the simple tension but all the stretching (or thinning) modes for the same simpliﬁed structure
shown in Fig. 4, with h ¼ 0. The same conditions of the free geometric constraint as well as the force equilibrium are applied
at the interface between the two regions. Now, the prescribed stress states and resulting strain increments are deﬁned by the
ratios of their components, a ¼ r2=r1 and b ¼ de2=de1, respectively. Here, de1 P 0 and 1 6 b 6 1, throughout the thinning
modes.
For monotonously proportional loading with a constant deformation rate (therefore, _a ¼ _b ¼ _X ¼ d _e ¼ 0), Eq. (1) is valid
for F1, while for F2,Fa;b2 ¼ ra;b2 Aa;b02 exp ea;b2
 
¼ ara;b1 Aa;b02 exp ea;b2
 
ð7Þ
¼ ara;b1 Aa;b02 exp bea;b1
 
ð8Þ1-D rod
Hinge
Fig. 6. A sheet structure simpliﬁed as a network of 1-D rods.
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depending on a and b. For example, for the simple tension, a ¼ 0; therefore, F2 ¼ 0, which is the case of the Considère model.
For 1 6 b 6 0, jF2j ever increases. For 0 < b < 1, the shape has a maximum value as shown in Fig. 5 and in particular for the
balanced biaxial stretching, b ¼ 1, F2 is similar with F1.
When the force equilibrium condition is imposed, Fa1 ¼ Fb1, the deformation and the yield stress of the b-region are slightly
larger than those of the a-region (as schematically shown in Figs. 5 and 7(a), respectively) under the condition that the stress
mode is the same for both regions. Both regions deform together initially until Fb1 reaches its maximum ﬁrst. After F
b
1 reaches
its maximum, both Fa;b1 decrease by the force equilibrium condition, but the b-region continues to deform plastically (with
the increase of rb1), while ra1 decreases and so does ra2 (under the condition that a remains the same); therefore, the a-region
is frozen as happens for the Considère model: abrupt strain localization. Consequently, Eqs. (5) and (6) are valid as a forming
limit criterion for the Dorn model, after imposing the monotonously proportional loading condition as well as the constant
deformation rate. In Eq. (5), the hardening rate is balanced with the yield stress modiﬁed by @r=@r1 which is determined by
the prescribed a,X and anisotropic yield function, and the forming limit criterion is obtained as the effective strain, eð R deÞ,
as illustrated in Fig. 8: eDorn.
There are various ways to plot eDorn as shown in Fig. 9, which are virtually equivalent each other (the data was obtained
for the DP980 sheet, utilizing its material properties based on Hill1948 yield function (1948) and the combined rate sensitive
Voce–Swift type hardening law without hardening deterioration listed in Part II). In Fig. 9(a), its dependency on a and X is
considered: the a-EPS. For a prescribed a, b ¼ @ r
@r2
.
@ r
@r1
is determined so that the b-EPS is obtained as shown in Fig. 9(b).
Fig. 9(c) shows the dependency on triaxiality, g ¼ rkk3r ¼ r1ð1þaÞ3r , and X: the g-EPS. Here, a-EPS, b-EPS and g-EPS are collectively
dubbed as x-EPS. Since eDorn determines the size of the yield function size, the stress components (rxx, ryy, rxy) are also avail-
able from a prescribed a: FLSD (Forming Limit Stress Diagram) in Fig. 9(d). In Fig. 9(e), the plastic work obtained for eDorn is
plotted for a and X, modifying the fracture criterion proposed by Clift et al. (1990): FLPW (Forming Limit Plastic Work). Note
that the reference strain rate was considered for the strain rate, _e ¼ _e0 for FLSD and FLPW in Fig. 9.1σ
2σ
aσ bσ
1 2( , )
b bσ σ
1 2( , )
a aσ σ
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Fig. 7. Schematic view of the stress states at the a- and b-regions of the Dorn model for (a) monotonously proportional loading and (b) non-proportional
loading.
Fig. 8. The effective forming limit strains of the Dorn and Hill models.
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Note that Eqs. (1), (4), and (7) are generally valid for deformation with path-change and rate-change, in which
ea;b1;2 ¼mT1;2 
R
_ea;bdt
  m1;2 ¼mT1;2  R _UU1ja;bsymmetricdt  m1;2, while the criterion Eq. (5) is derived from Eq. (4) under the
condition that the deformation path is instantaneously proportional and deformation rate is constant at the moment of
Eq. (5); therefore, Eq. (5) (along with all the formulae plotted in Fig. 9; x-EPS, FLSD and FLPW) is also valid when deforma-
tion-path changes with non-uniform a, _e and X until the last moment. As long as Ab1 is maintained to be smaller than A
a
1, even
the thickening mode is allowed during the path change such that the deformation and the yield stress of the b-region are
maintained to be slightly larger than those of the a-region (as schematically shown in Figs. 5 and 7(b), respectively) under
the condition that the stress mode is the same for both regions. Both regions deform together initially until Fb1 reaches its
maximum ﬁrst. After Fb1 reaches its maximum, the a-region is frozen as happens for the monotonously proportional
deformation case so that the criterion becomes dr
b
1
rb1
¼ deb1 ¼ de @ r@r1 (or equivalently, Eq. (4)), which becomes Eq. (5) when
the deformation is proportional and deformation rate is constant at that moment; i.e., _a ¼ _b ¼ _X ¼ d _e ¼ 0 only at the last
moment instantaneously. For any anisotropic sheet with the Hollomon hardening behavior coupled with the power law type
rate sensitivity, r ¼ Ken _e_e0
 m
, and non-zero X, Eq. (5), the forming limit criterion of the Dorn model, leads to@r
@r1
e ¼ n ð9Þwhich further becomes Eq. (6) for monotonously proportional loading as plotted in Fig. 10.
When there is a deformation path change, the contribution of the deformation toward eDorn differs depending on the
deformation path. For simpliﬁed demonstration purposes, consider the von Mises yield function (therefore, the 1- and 2-axes
are the principal directions of the stress and the strain increment, regardless of non-zero X) with the Hollomon hardening
law coupled with the power law type rate sensitivity of the DP980 sheet: K = 1299.44 MPa, n = 0.0765 andm = 0.003314 (this
property is a simpliﬁed version of the more sophisticated one listed in Part II based on the Hill1948 yield function, which was
used for Fig. 9). When epre ¼ 0:03825ð¼ n=2Þ was pre-strained by the simple tension, plane strain (or out-of-plane shear;
OPS) and balanced biaxial cases, respectively, the strain-based forming limit of the Dorn criterion shows the path-effect,
while the b-EPS obtained from Eq. (9) does not completely, as illustrated in Fig. 11(a) and (b), respectively. Note here how-
ever that the accumulative effective strain is commonly the same for the strain-based and x-EPS forming limit diagrams as
long as the instantaneous deformation mode, b (or a), at the moment of failure is the same. Consequently, the three positions
at the strain-based FLD after pre-straining account for the same effective pre-strains and ﬁnal three lines are parallel each
other. Pre-straining might be physically achieved through tempering when sheet products are fabricated (as the H-temper in
aluminum alloys) with the effective pre-strain, epre, regardless of any particular deformation path imposed for pre-straining.
As for the deformation path effect in the b-EPS shown in Fig. 11(b), the effective forming limit strain is insensitive to both
continuous and discontinuous deformation path changes as long as the effective strain remains under the effective forming
limit strain during pre-straining. However, if a discontinuous path change leads to crossing over the effective forming limit
strain instantaneously, immediate strain localization occurs at the b-region, while the a-region is frozen as schematically
illustrated in Fig. 12 (together with Fig. 7(b)).
Swift (1952) has extended the Considèremodel, for which the two principal forces are assumed to be themaximum simul-
taneously, while the Dorn requires the maximum only for the major principal force. As has been discussed earlier along with
Eqs. (1) and (7) formonotonously proportional loadingwith a constant deformation rate, F2 may not have themaximumvalue
or not simultaneously with F1 in general, if it has. Therefore, its physical implication is somewhat unrealistic. The Swift and
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Fig. 9. Deformation path insensitive Dorn and Hill forming limit criteria obtained for the DP980 sheet: (a) a-EPS (b) b-EPS (c) g-EPS (d) FLSD (e) FLPW.
12 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34Dorn criteria coincide each other for the simple tension (with a ¼ r2 ¼ 0), near plane strain (OPS with b, regardless of the
non-zero de12) and near balanced biaxial stretching (with drtdrn ¼ 1, regardless of the non-zero de12) states.
2.1.3. The Hill model
Now, consider the (normal and shear) force evolution, which is in equilibrium at the interface aligned in the n-direction
with an arbitrary initial h. At the moment of the maximum force,drn
rn
¼ denð¼ de1 þ de2  detÞ ð10Þ
n1ε
Dorn’s
Hill’s
2ε
=1.0β
=-1.0β =0.0β =β β
Fig. 10. Comparison of the Dorn and Hill criteria under the monotonously proportional deformation of any anisotropic sheets with the Hollomon hardening
law and non-zero X.
(a) 
(b) 
Minor strain
-0.08 -0.06 -0.04 -0.02 0.00 0.02 0.04 0.06 0.08
M
aj
or
 s
tr
ai
n
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
pre BB
pre ST
pre OPS
=
1.0β1.0
β
=
−
=0.0β
=
0
.5
β
−
Without pre-strain
Dorn
Hill
Beta
-1.0 -0.5 0.0 0.5 1.0
0.00
0.05
0.10
0.15
0.20
0.25
Dorn
Hill
ε
1β
2β2β
1β
Without/with pre-strain
Fig. 11. Comparison of the deformation path effect on the Dorn and Hill criteria for the von Mises yield function with the Hollomon hardening law of the
DP980 sheet: (a) strain-based forming limit diagram (b) b-EPS.
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rnt
¼ denð¼ de1 þ de2  detÞ ð11Þfor the normal and shear forces, respectively, after the ﬁrst invariance of the tensor is applied. Eqs. (10) and (11) are valid
only when den P 0 (therefore, dAn 6 0 even though de1 > 0 and 1 6 b 6 1).
ε1F
1 0dF =
a-region
b-region
1β
2β
Fig. 12. The schematic view of the immediate strain localization at the b-region when the deformation mode with b1 abruptly changes to b2, for which the
effective strain goes beyond the effective forming limit strain.
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Now, assume the arbitrary deformation path but with the last moment instantaneous proportionality and a constant
strain rate as done for the Dorn model, then both becomedrn
rn
¼ drntrnt ¼
dr
r ¼ de
@r
@en
ð¼ de1 þ de2  detÞ ð12Þwhich conﬁrms that the normal and shear forces reach their maximum simultaneously. The Hill criterion is obtained from
Eq. (12) particularly when det ¼ 0 (the zero extension condition) so thatdr
de
¼ r @r
@r1
þ @r
@r2
 
¼ r @r
@r1
ð1þ bÞ ð13Þin which the hardening rate is balanced with the yield stress modiﬁed by @r
@r1
ð1þ bÞ: eHill. The Dorn and Hill effective forming
limit strains, eDorn and eHill, are schematically compared in Fig. 8. Five deformation path insensitive Hill forming limit criteria
of the DP980 sheet obtained with the properties based on the Hill1948 yield function and the combined rate sensitive
Voce–Swift type hardening law without hardening deterioration listed in Part II are compared with those of the Dorn model
in Fig. 9: a-EPS, b-EPS, g-EPS, FLSD and FLPW. Here, the reference strain rate was considered for the strain rate, _e ¼ _e0 for
FLSD and FLPW.
In Fig. 13, Mohr’s circles for the thinning modes (de1 P 0 and 1 6 b 6 1) are schematically compared when X–0 for the
anisotropic yield function. As for the angle h,h ¼ 1
2
tan1
2dent
den  det
 
þ ~h ¼ 1
2
tan1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
de212  de1de2
q
de1 þ de2
0
@
1
Aþ ~h ¼ 1
2
tan1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~b b
q
1þ b
0
@
1
Aþ ~h ð14Þwhere~h ¼ 1
2
tan1
2de12
de1  de2
 
¼
1
2 tan
1 2
ﬃﬃ
~b
p
1b
 
for non-negative de12
 12 tan1 2
ﬃﬃ
~b
p
1b
 
for negative de12
8>><
>>:
ð15Þutilizing the two invariants of the 2-D rate of deformation tensor. Note that the Hill model is available only for deformation
modes for which the zero extension condition is available; i.e., when b 6 ~b with ~b  de12de1
 2
, which is the condition that the
radius of Mohr’s circles is not smaller than its center position. When X ¼ 0 for the anisotropic yield function or the yield
function is isotropic, de12 ¼ ~h ¼ ~b ¼ 0 (therefore, the Hill model is available only when de2 6 0).
For anisotropic sheets with the Hollomon hardening behavior coupled with the power law type rate sensitivity,
r ¼ Ken _e_e0
 m
, and non-zero X, Eq. (13) leads to@r
@r1
þ @r
@r2
 
e ¼ n ð16Þwhich becomes, for monotonously proportional loading,e1 þ e2 ¼ n ð17Þ
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Fig. 13. Mohr’s circles for the thinning modes (de1 6 0 and 1 6 b 6 1) when X–0 for the anisotropic yield function.
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16 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34Eq. (17) plotted in Fig. 10 is valid for any anisotropic sheet and non-zero X. The same exercise on the deformation path
sensitivity was also performed for the Hill model as done for the Dorn model in Fig. 11 for comparison. As for the deforma-
tion path sensitivity, similar arguments are valid for both the Dorn and Hill criteria. Figs. 9–11, in which the Dorn criterion
precedes the Hill criterion, imply that the strain localization (associated with the frozen of the a-region) occurs ﬁrst by the
Dorn criterion, often referred as the onset of the diffused necking, and then the second strain localization follows at the b-
region, often referred as the onset of the localized necking.
The maximum force models suggested that the forming limit of sheets incurred by abrupt strain localization would be
deformation path insensitive when it is expressed with the effective strain, while its expression in terms of strain compo-
nents is path sensitive. Such discrepancy was caused by a fact that the effective strain increment is dependent on the defor-
mation mode. The maximum force models were convenient to address the deformation path sensitivity of the sheet forming
limit criteria since their analytical solutions were easily available. The models are however not so realistic in two main
aspects. The critical one is that no any geometric constraint is imposed at the interface between the two regions. This aspect
may not be so critical if the sheet blank is narrow with its width, which is the case of the simple tension test. When the sheet
blank is narrow, the diffused and localized necking is well observed but as the blank becomes wider, the diffused necking is
not vivid. The other is that material line rotation is not accounted for in the maximum force models because of its Eulerian
nature of the formulation. Those drawbacks are improved in the M–K model as discussed next.
2.2. M–K model (with geometric constraints)
The simpliﬁed sheet structure shown in Fig. 4 is considered for the M–K model as done for the maximum force models.
The 1- and 2-axes are the directions of principal strain increments unlike the maximum force models for which they are the
principal stress directions. Now, consider the t-direction as the tangential direction of the interface. Along the interface, the
following geometric constraint is imposed, unlike the maximum force models:debt ¼ deat ð18Þ
This geometric constraint might be more realistic to mimic real forming, especially for forming of wide sheet blanks.
Besides, the following normal and shear force equilibrium conditions are imposed at the interface:haran ¼ hbrbn ð19Þ
harant ¼ hbrbnt ð20Þ
where the current thickness is deﬁned for the a- and b-regions, respectively, ash ¼ h0 exp
Z
de3
 
¼ h0 exp 
Z
ðde1 þ de2Þ
 
ð21Þwith h0 as the initial thickness. The initial thickness ratio (or the coefﬁcient of geometric in-homogeneity) is deﬁned as f0 ¼ h
b
0
ha0
.
With the geometric constraint, deformation modes differ at the a- and b-regions and the strain increment (three compo-
nents under the plane stress condition) at the b-region is obtained from three conditions, Eqs. (18)–(20). As for the forming
limit criterion, the deformation at the a-region is measured as the forming limit, at the moment when the b-region is subject
to severe strain localization, releasing the maximum force condition. Since the forming limit is dependent on the interface
direction, the minimum value among all forming limits for all interface directions is ultimately considered the forming limit
criterion: ultimate M–K forming limit criterion.
Since the analytical expression for the forming limit criterion of the M–Kmodel is unavailable, the deformation path effect
is numerically examined by imposing various deformation paths on the M–K model. Before such study on the deformation
path sensitivity, however, the material property effect on the forming limit criterion is reviewed ﬁrst for the better under-
standing of the physical implication of the M–K model. Note that some of material property effects have been previously
investigated by others, if not all: the effect of yield surface shape on sheet forming limit was investigated bymany researchers
(Asaro and Needleman, 1985; Barlat, 1987, 1989; Bassani and Hutchinson, 1978; Bate, 1984; Chan, 1985; Da Costa Viana et al.,
1978; Darocha et al., 1985; Ferron and Touati, 1985; Lian et al., 1989; Neale and Chater, 1980; Rodrigues et al., 1986; Sowerby
and Duncan, 1971) and the stress evolution of the b-region was discussed for the biaxial tension when the initial interface is
vertical (h0 ¼ 0) by Sowerby and Duncan (1971), which was further extended by Barlat (1987) for the case with the interface
alignment of h0 ¼ 450 for a particular class of anisotropic sheet under the balanced biaxial stress case. All discussions here are
for monotonously proportional loading (and deformation), except the last one on the deformation path sensitivity.
2.2.1. Basic model
As a basic M–K model, consider the case of the strain rate insensitive rigid perfect plastic sheet (; i.e., n =m = 0 for the
Hollomon hardening law coupled with the power law type rate sensitivity) with the von Mises yield function (therefore,
the result is indifferent to the direction of the yield surface, X), while the vertical initial interface line, h0 ¼ 0. The forming
limit criteria obtained for monotonously proportional loading for such a case is shown in Fig. 14. Note here that the forming
limit criterion obtained when h0 ¼ 0 might not be the same with the ultimate forming limit, especially with the negative b,
(a)
(b)
Minor strain
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
M
aj
or
 s
tr
ai
n
0.0
0.5
1.0
1.5
2.0
2.5
3.0
f0=0.9999
f0=0.999
f0=0.99
Beta
-1.0 -0.5 0.0 0.5 1.0
0.0
1.5
3.0
4.5 f0=0.9999
f0=0.999
f0=0.99
ε
Fig. 14. The M–K forming limit criteria of the strain rate insensitive rigid perfect plastic von Mises yield function with various initial thickness ratios (with
h0 ¼ 0): (a) strain-based forming limit diagram (b) b-EPS.
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discussion on h0 effect comes later).
Now, consider the case when the stress mode at the a-region is the balanced biaxial (BB) mode. Then, the stress state at the
b-region, which has two principal components, is determined by the two conditions, Eqs. (18) and (19). As schematically illus-
trated in Fig. 15, the stress state of the b-region at the yield surface (without the shear component, de12 ¼ 0), according to the
two conditions, is located slightly toward the plane strain (or out-of-plane shear, OPS) state with b slightly smaller than 1.0,
initially. Under the circumstance, jdea3 ¼ dea1  dea2
 j < jdeb3j so that the thickness ratio, f (therefore, bb also), continues to
decrease as deformation proceeds, moving the stress state at the b-region further toward OPS (for which b = 0), whiledea
deb
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1jba j2 þ 1ba
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1jbb j2 þ 1bb
q ! 0 ð22Þ
for deb2 ¼ dea2, ultimately leading to the severe strain localization at the b-region since ba is ﬁxed. The similar stress evolution
abating the jbbj value occurs regardless of the stress state at the a-region or ba, which deﬁnes the stationary stress state. As
the stress state at the a-region is farther apart from OPS (with larger jbaj), the travel length of the a- and b-regions as e ¼ R de
(as a true strain by Chung and Richmond (1992a,b, 1993)) becomes larger, leading to larger formability in the strain-based
forming limit and b-EPS as shown in Fig. 14.
2.2.2. Initial thickness ratio (the coefﬁcient of geometric in-homogeneity) effect: f0
The results of various initial thickness ratios, f0 ¼ 0:99;0:999;0:9999, shown in Fig. 14 suggest that a larger f0 value
promotes better formability. The evolution of bb under the BB mode for various initial thickness ratios, f0, shown in
Fig. 16, conﬁrms that the bb evolution is virtually the same for all f0; however, f0 affects the initial bb. As suggested by
Fig. 15, the initial stress state of the b-region is determined by f0 under the two conditions, Eqs. (18) and (19). As f0 becomes
Fig. 15. Evolution of the stress states at the a- and b-regions for the strain rate insensitive rigid perfect plastic von Mises yield function (h0 ¼ rnt ¼ dent ¼ 0).
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18 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34smaller, deb1 is larger (by Eq. (19)) while deb2 is the same (by Eq. (18)) so that the initial stress state of the b-region is located
more toward OPS with a smaller initial b value, leading to smaller formability.
2.2.3. Yield function effect: R-value and M-value
As for the yield surface shape effect related to R-value (the ratio of the traverse strain increment with respect of the
thickness strain increment in simple tension; i.e., R ¼ de2=de3) and M-value, consider the following planar isotropic
Logan–Hosford yield functions (1980) under the plane stress condition:r ¼ jr1j
M þ jr2jM þ Rjr1  r2jM
1þ R
 !1=M
ð23Þwhich are shown in Fig. 17. The relationship between a and beta becomesb ¼ @r
@r2
	
@r
@r1
¼
jr2 jM
r2
 R jr1r2 jMr1r2
jr1 jM
r1
þ R jr1r2 jMr1r2
¼
jajM
a  Rj1aj1a
M
1þ Rj1aj1a
M ð24Þas shown in Fig. 18.
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obtained for R = 1.0 and the von Mises yield function is obtained forM = 2 or 4 with R = 1.0, while the Tresca yield function is
obtained as M approaches inﬁnity. The forming limit criteria obtained for the strain rate insensitive rigid perfect plastic pla-
nar isotropic Logan–Hosford yield functions are shown in Fig. 19. As the M value increases, the stress state whose b is near
zero becomes wider as conﬁrmed in Figs. 17(a) and 18(a), promoting early strain localization. As the R value increases, the
range of the positive b value decreases as shown in Figs. 17(b) and 18(b); therefore, formability decreases for the positive b
value, while that of the negative b increases. However, as the M-value becomes larger for non-quadratic yield functions, the
R-value effect on formability diminishes as shown in Fig. 19.2.2.4. Initial interface angle effect: h0
When the initial interface direction is vertical to the 1-direction (h0 ¼ 0o), the stress stays at the edge of the yield surface
(viewed from the top) as shown in Fig. 15, without its shear component for the isotropic yield function including the von
Mises yield function. When h0–0
o, the shear components of the stress and strain increment also become non-zero
(rnt; dent–0) and the initial location of the stress for the a-region stays along the line, drtdrn ¼ 1 (derived from the ﬁrst invari-
ant condition: r1 þ r2 ¼ rn þ rt ¼ const:) for the top view as shown in Fig. 20: as h0 increases, the initial position is located
more toward the line of drtdrn ¼ 1, as rn decreases. During deformation in the thinning mode, the t-direction (the interface)
rotates counterclockwise (with dent < 0) so that h increases and the stress of the a-region further moves toward the line
of drtdrn ¼ 1, with the exception of the balanced biaxial case for which the lines of drtdrn ¼ 1 meet (therefore, there is no h0
effect).
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20 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34As for the stress state of the b-region, which is determined by three conditions, Eqs. (18)–(20), it starts near the initial stress
position of the a-region, for which deat ¼ debt and ran;nt < rbn;nt . During the deformation for the M–K model, ðrbn;nt  ran;ntÞ
increases and so does ðdebn  deanÞ, leading to jdet=denjb ! 0; therefore, heading to the line of rbn ¼ 2rbt , for which debt ¼ 0
(the zero-extension line), as schematically shown in Fig. 20. When the t-direction is along the zero-extension line, the angle
between the n- and 1-directions ish ¼ 1
2
tan1
2
ﬃﬃﬃﬃﬃﬃﬃbp
1þ b
 
ð25Þwhich is generally valid for 1 6 b 6 0 even for any anisotropic yield function with X ¼ 0 (Eq. (25) is equivalent with Eq.
(14) with ~b ¼ 0). The movement of the stress states at the a- and b-regions shown in Fig. 20 suggests that prescribing the
non-zero h0 promotes early strain localization for 1 6 b 6 0, while that delays localization for 0 6 b 6 1.
The ultimate forming limit was obtained when h0  h, that of Eq. (25), for 1 6 b 6 0 and h0 ¼ 0 for 0 6 b 6 1 as shown
in Fig. 21, which describes the ultimate initial (h0) and ﬁnal (hf ) interface angles for the ultimate forming limit values of the
basic M–K model (with/without hardening). The corresponding ultimate forming limit criterion is also plotted in Fig. 22.
Note that the ultimate forming limit vanishes for 1 6 b 6 0 without hardening, since h0 virtually positions the initial stress
on the zero extension line shown in Fig. 20.
2.2.5. Hardening effect
As for the hardening effect, consider the strain rate insensitive rigid plastic von Mises yield function with the Hollomon
hardening law of n = 0.0, 0.1 and 0.2. The travel paths of the b-region without and with hardening are schematically
illustrated in Figs. 15 and 23, respectively: the travel length of the b-region in Fig. 23 is much larger than that shown in
Fig. 15 since the yield surface expands by the hardening effect as deformation proceeds. Therefore, as the n-value of the
Hollomon hardening law increases, the travel length of the b-region to the ﬁnal state increases, leading larger formability
Fig. 19. The M–K forming limit criteria of the strain rate insensitive rigid perfect plastic planar isotropic Logan–Hosford yield functions (f0 ¼ 0:9999): (a)
strain based forming limit diagram (b) b-EPS.
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K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34 21(the deformation at the a-region) as shown in Fig. 24. The ultimate forming limit criteria for 1 6 b 6 0 shown in Fig. 24 was
obtained when stresses of the a- and b-regions started near but away from the zero-extension line, eventually conversing to
the zero-extension line. The evolution of the corresponding interface line directions is also plotted in Fig. 21.
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As for the rate-sensitivity effect, consider the power law type rate sensitive rigid perfect plastic sheet with the von Mises
yield function. The b-region becomes harder than that of the a-region as the strain rate difference by the initial thickness
ratio becomes larger because of the strain rate sensitivity. Therefore, the rate sensitivity contributes in delaying the strain
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Fig. 23. Evolution of the stress states of the a- and b-regions for the strain rate insensitive rigid plastic von Mises yield function with the Hollomon type
hardening behavior (h0 ¼ rnt ¼ dent ¼ 0).
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24 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34localization as the hardening n value does: as the m-value of the power law rate sensitivity increases, the travel length
increases, leading larger formability as shown in Fig. 25.
The ultimate forming limit criteria for 1 6 b 6 0 shown in Fig. 25 was obtained when stresses of the a- and b-regions
started near but away from the zero-extension line, eventually conversing to the zero-extension line. The evolution of the
corresponding ultimate interface line directions is also plotted in Fig. 26. The effect of the rate sensitivity on strain
localization speed shown in Fig. 27 conﬁrms that the abruptness of strain localization decreases gradually as the strain rate
sensitivity increases.2.2.7. Imposed boundary velocity effect for the rate sensitive sheet
As for the imposed boundary velocity effect, consider the power law type rate sensitive rigid perfect plastic sheet with the
von Mises yield function. Although the material is rate-sensitive (with m = 0.01), the imposed boundary velocity did not
affect the evolution of the strain distributions at the a- and b-regions and therefore the ultimate forming limit criteria:
the invariance principle. Figs. 28 and 29 conﬁrm that various imposed boundary velocities did not affect ultimate forming
limits and the ultimate initial and ﬁnal interface angles with all results converged into one, complying with the invariance
principle.
The invariance principle developed by Chung and Wagoner (1986, 1998) is applicable for the power law type rate
sensitive rigid plastic sheet. When the rate sensitivity m is constant, the imposed boundary velocity affects the strength,
but not the force equilibrium condition and strain distributions including the strain localization of the general boundary
value problems as long as the traction boundary condition is free. The invariance principle is valid for problems with the
Coulomb friction condition and most of room temperate stretching/drawing sheet metal forming cases, when the material
is homogeneous with its sensitivities on strain rate and temperature (refer to Appendix A for the summary of the invariance
principle).
Fig. 26. The ultimate initial and ﬁnal interface angles for the rigid perfect plastic von Mises yield function with the power law type hardening behavior
(f0 ¼ 0:9999).
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In order to demonstrate the path change effect on the M–K forming limit criterion, consider the von Mises yield function
with Hollomon hardening behavior coupled with the power law type rate sensitivity of the DP980 sheet : K = 1299.44 MPa,
n = 0.0765 and m = 0.003314. The initial thickness ratio f0 ¼ 0:99999997 was determined from the measured FLD0 value of
0.1642 for b ¼ 0 and X ¼ 0, considering the strain rate sensitivity (note that FLD0 is insensitive to the yield function). When
epre ¼ 0:1 was pre-strained by the simple tension, plane strain and balanced biaxial cases, respectively, the deformation path
effect on the M–K forming limit criterion is plotted in Fig. 30. As for the deformation path sensitivity, similar arguments were
virtually valid for both the maximum force and M–K criteria: when there was a deformation path change, the contribution of
the effective pre-strain differed depending on the deformation path for the strain-based forming limit criterion but virtually
not for the path insensitive criteria including the b-EPS as shown in Fig. 30. As for the deformation path effect in the b-EPS
shown in Fig. 30(b), the effective forming limit strain was virtually insensitive to both continuous and discontinuous defor-
mation path changes as long as the effective strain remained under the effective forming limit strain during pre-straining.
However, if a discontinuous path change led to crossing over the effective forming limit strain instantaneously, immediate
strain localization occurred at the b-region.
Five deformation path insensitive M–K forming limit criteria of the DP980 sheet obtained (under monotonously propor-
tional loading) with the properties based on the Hill1948 yield function and the combined Voce–Swift type hardening law
without hardening deterioration listed in Part II are shown in Fig. 31: a-EPS, b-EPS, g-EPS, FLSD and FLPW. Here, the strain
rate sensitivity was accounted for, while f0 ¼ 0:99999997, and the reference strain rate was considered for the strain rate,
_e ¼ _e0 for FLSD and FLPW.
2.3. Comparison of the maximum force and M–K models
In order to compare the maximum force and M–Kmodels, the strain-based and b-EPS forming limit criteria were obtained
in Fig. 32, considering the von Mises yield function with the Hollomon hardening behavior coupled with/without the power
Fig. 28. The M–K forming limit criteria of the rigid perfect plastic von Mises yield function with power law type hardening under various imposed boundary
velocity conditions (m = 0.01, f0 ¼ 0:9999): (a) strain-based forming limit diagram (b) b-EPS.
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26 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34law type rate sensitivity of the DP980 sheet under monotonously proportional loading (and deformation): K = 1299.44 MPa,
n = 0.0765 and m = 0.003314. Note that the Dorn and Hill criteria are insensitive to the initial thickness ratio and the strain
rate sensitivity in general and even to the yield function for monotonously proportional loading. As for the M–K model, both
with and without rate sensitivity were considered but with different initial thickness ratios for each: with f0 ¼ 0:99999997
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strain rate sensitivity, while with f0 ¼ 0:999 for the case without strain rate sensitivity to be consistent with the Hill model:
the M–K forming limit criterion without the strain rate sensitivity and with f0 ¼ 0:999 was in good agreement with the Hill
criterion for 1:0 < b < 0.
There are several differences between the maximum force and M–K models in their physical implication, even though
both are based on the same simpliﬁed structure with two regions shown in Fig. 4. Introduced earlier than the M–K model,
the maximum force model is unrealistic in several aspects. The force equilibrium condition is imposed without an added
geometric constraint condition and the same stress states are imposed at the two regions (instead of the geometric con-
straint condition). The onset of the abrupt strain localization coincides with the maximum force condition at the imperfec-
tion region as shown Fig. 33, which compares the force evolution for both models discussed in Fig. 32. Since the forming limit
strain is determined at the imperfection region, the result is insensitive to the imperfection size or f0. Also, based on the Eule-
rian formulation, the material rotations of the principal stress and interface lines are not accounted for. Besides, the rate sen-
sitivity effect commonly vanishes by applying the constant strain rate condition. Without the geometric constraint, its
solution scheme is simpler so that its analytical solution is available as newly derived for non-proportional deformation
of anisotropic sheets in this work.
The M–K model is more realistic than the maximum force model by imposing the force equilibrium condition with an
added geometric constraint condition. Consequently, the stress state differs for the two regions and severe strain localization
occurs as the deformation at the imperfection region approaches to the plane strain mode (with det ¼ 0), for which the force
is in the declining mode in general as shown in Fig. 33. Unlike the maximum force criteria, both regions deform plastically
even when force declines. Since the forming limit strain is determined at the uniform region, the result is sensitive to the
imperfection size or f0 (with only exception for the case of the plane strain of det ¼ 0 without strain rate sensitivity as will
be discussed later), unlike the maximum force model. Also, based on the Lagrangian formulation, the rotations of the
interface line and the anisotropic yield function at the imperfection region as well as the strain rate sensitivity are properly
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28 K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34accounted for. With an added geometric constraint condition, its solution scheme is complex so that its analytical solution is
unavailable in general.
Note that even though both models are different in many aspects, all (the Dorn, Hill and M–K models) become equivalent
when b ¼ 0, for any (orthogonal) anisotropic yield function without strain rate sensitivity, as long as the yield function is
aligned with the principal loading (and deformation) directions (with X ¼ 0), sharing the same plane strain mode (with
de2 ¼ de12 ¼ b ¼ ~b ¼ ~h ¼ 0) at the a- and b-regions, while the t-direction as the zero-extension direction is aligned with
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K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34 29the 2-direction (h ¼ 00). The vanishing h is conﬁrmed for the Hill model considering Eqs. (14) and (15). As for the M–K model,
the vanishing h0 is suggested by Fig. 20 and the particular plane strain mode at the b-region is guaranteed by two conditions,
Eqs. (18) and (20). The equivalence of the three models is also conﬁrmed in Fig. 33(b).
When all three models are the same for the particular case, the M–K model is expected to be insensitive to the imperfec-
tion size or f0, since the Dorn and Hill models are insensitive. However, there remains a minor difference: the forming limit
strain of the M–K is slightly smaller than that of the maximum force model as shown in Fig. 32, because the forming limit
strain is determined at the imperfection and uniform regions for the maximum force and M–K models, respectively.
Consequently, the forming limit strain difference of FLD0 for both models is a little dependent on the imperfection size,
f0. However, the difference is so minimal.3. Validation of deformation path insensitivity based on the isotropic hardening formulation of rigid-plasticity
In addressing the two major issues regarding the forming limit criterion as for its relevance as a material property and
its deformation path insensitive formulae, there are two approaches: the one based on the conventional (or materials) view
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K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34 31and the other based on the continuum/computational mechanics view. The conventional approach is based on an assump-
tion that strain localization observed in experiments is incurred even during homogeneous deformation by physical
impurities intrinsically existing in the sheet (Marciniak and Kuczyn´ski, 1967), which were represented by the coefﬁcient
of geometric in-homogeneity or the imperfection size, f0, for the theoretical FLD models. Under such an assumption, the
forming limit criterion is intrinsically considered a material property and its deformation path insensitive formulae were
well justiﬁed in Section 2 for the Dorn and Thomsen (1947), Hill (1952) and M–K (1967) models. In view of mechanics,
however, the maximum force and M–K models considered in Section 2 may represent only simpliﬁed boundary value
problems to mimic real forming, in which the coefﬁcient of geometric in-homogeneity indirectly plays the role of the
boundary condition to trigger inhomogeneous deformation (instead of representing physical impurities). Therefore, justi-
ﬁcation derived based on those theoretical models might be just approximately valid for real forming in view of mechanics.
However, there is the following case, which further supports the nature of deformation path insensitivity of x-EPS in view
of mechanics.
For the isotropic hardening formulation in rigid-plasticity under the plane stress condition (Chung et al., 1996; Germain
et al., 1989; Yoon et al., 1995), when computation (or analysis) is restarted on the way of forming simulation, information on
current geometric conﬁgurations and accumulative effective strain distributions is required (but without details on defor-
mation history). Now, consider two step forming simulations, in which blanks are uniformly pre-strained in the ﬁrst step
with the same amount of the effective strain but with different deformation histories. Then, when (ﬂat) blanks for the second
step are cut out in the same shapes and subjected to the same forming operations, all deformation in the second stage includ-
ing at the moment of strain localization would be the same for all cases with the same in-homogenous effective strain dis-
tributions, even though deformation histories in the ﬁrst step (therefore, as a whole also) are different. With the constraint
regarding the uniform deformation assumed for the ﬁrst step, the case does not fully prove the nature of deformation path
insensitivity of x-EPS formulae but is strongly supportive of it in view of mechanics.4. Conclusions
In the common industrial sheet metal forming process at room temperature, in which in-homogenous deformation under
the plane stress condition is typically the case, sheets are so ductile that sheet forming more often fails after abruptly severe
strain localization, especially in the thinning mode. In such a case, measuring the fracture property might be impractical so
that the forming limit criterion, which measures sheet proneness to abruptly severe strain localization according to defor-
mation modes, replaces the fracture criteria to account for formability of the sheet, assuming that the criterion is applicable
as a material property. While the assumed applicability of the forming limit criterion as a material property in approxima-
tion for room temperature forming was partially validated in Part II, its deformation path insensitive formulae were theo-
retically justiﬁed in Part I by examining the isotropic hardening formulation of rigid-plasticity and also theoretical
forming limit models including the Considère (1885), Dorn and Thomsen (1947) and Hill (1952) models as well as the
M–K (1967) model.
Examining the isotropic hardening formulation of rigid-plasticity and also theoretical forming limit models suggested
that the forming limit of sheets incurred by abruptly severe strain localization would be deformation path insensitive when
it is expressed with the effective strain, while its expression in terms of strain components, the strain-based FLD, is path sen-
sitive. Such discrepancy was caused by a fact that the effective strain increment is dependent on the deformation mode. As
for the deformation path insensitive forming limit criteria, ﬁve criteria were found equivalent each other: three x-EPS (for a,
b and g-EPS) and the stress-based FLD (FLSD) and the forming limit plastic work (FLPW). Nevertheless, the accumulative
effective strain would be commonly the same for the strain-based and x-EPS forming limit diagrams as long as the instan-
taneous deformation mode, b (or a) , was the same at the moment of failure.
The efforts in this work directly suggested that the deformation path insensitivity of the effective strain based criteria is
attributed to the isotropic hardening assumption, for which any hardening is described by the accumulative effective stain
only regardless of deformation history. Therefore, more sophisticated hardening laws to account for anisotropic hardening
may introduce some deviation from the insensitivity; therefore, the insensitivity would be the ﬁrst order approximation
based on the isotropic hardening assumption, as commonly practiced in formability analysis.
As for various aspects of pros and cons regarding various forming limit criteria, the main positive aspect of the strain-
based forming limit is that it can be directly measured experimentally and there are continuous efforts to improve its
accuracy related to measurement resolution. However, it is strongly deformation path sensitive as a major drawback. As
for the deformation path insensitive criteria, which are based on the effective strain in principle, introduction of a well
deﬁned effective strain increment is a requisite; therefore, proper characterization of the material property including the
yield function is essential as a part of experiments for formability evaluation. Among the deformation path insensitive cri-
teria, the stress-based forming limit (FLSD) and similarly also the forming limit plastic work (FLPW) have several added
drawbacks. First, the stress variation signiﬁcantly reduces as strain increases so that differentiation of the stress state
becomes more ambiguous. Secondly, for rate sensitive sheets, stress is not only dependent on the deformation amount
but also the deformation rate, which is inconvenient to identify or specify for each individual forming case. Besides, if there
is hardening deterioration (material softening) especially for highly ductile sheets, the strain state for a particular stress state
might not be unique. Considering these, the x-EPS might be more favorable.
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Appendix A. Invariance principle
The invariance principle is for the rigid-plastic material and it states that, even though a material is strain-rate (and tem-
perature) sensitive, its in-homogenous strain distribution is insensitive to the deformation velocity difference imposed as a
boundary condition under certain conditions (for which the velocity distribution itself maintains its in-homogeneity at the
boundary). The invariance principle was presented and proven under certain conditions based on the continuum variational
principle (the integral type force equilibrium condition) by Chung and Wagoner (1986, 1998). The principle is brieﬂy
reviewed here but, instead of the continuum variational principle, the force equilibrium condition utilizing the dual normal-
ity rule based on the effective strain increment is newly formulated in this work. The conditions required to satisfy the
invariance principle are: (1) the material is rate insensitive or the rate sensitivity of the material is homogeneous including
the power law type strain rate sensitivity; i.e., rðe; c _eÞ ¼ f ðcÞrðe; _eÞð¼ cm rðe; _eÞÞwherem is a constant for the power law type
rate sensitivity as an example. (2) The boundary conditions imposed are any combination of displacement, the Coulomb fric-
tion and traction free speciﬁcations. (3) The operation is carried out isothermally or the material is temperature insensitive. If
the material is temperature sensitive, its sensitivity is homogeneous; i.e., rðcTÞ ¼ gðcÞrðTÞ. Under the adiabatic condition,
qCVdT ¼ grðe; _e; TÞde where T is temperature and g and CV are the conversion efﬁciency (of the plastic work to heat) and
the speciﬁc heat, respectively, while q is the density. Now, under the near adiabatic condition, the temperature rise due
to the plastic work is approximated by qCVdT ¼ grðe; _e; Tðe; _eÞÞde  grðe; _eÞde; i.e., ignoring the temperature sensitivity of
the effective stress for temperature rise.
For the rigid-plastic medium, the force equilibrium condition, after considering the plastic ﬂow rule based on the effective
strain increment and the negligible body force, becomesdivr ¼ div rðe; _eÞ @de
@de

 
¼ 0 ðA:1ÞEq. (A.1) should be satisﬁed everywhere in the current volume V bounded by surface S. The boundary conditions at sur-
face S are decomposed into three types: the a type represents a prescribed increment of displacement, the b type represents
a prescribed boundary force of zero and the c type represents the Coulomb friction, respectively. The boundary conditions at
each type of surface are described as following.du ¼ d~u at Sa ðA:2Þ
t ¼ 0 at Sb ðA:3Þ
jt ðt  nÞnj 6 lt  n at Sc ðA:4Þ
where du (=vds; s is the time and v is the velocity) and t ¼ r  n ¼ r @de
@de  n
 
are the displacement increment and the trac-
tion, while n and l are the normal direction at the surface element and the friction coefﬁcient, respectively.
In order to prove the invariant in-homogeneous strain development, consider two processes having different boundary
velocities imposed, for which the distributions of du are the same everywhere but ds are different; v1 ¼ du=ds1,
v2 ¼ du=ds2; therefore, satisfying the two different velocity boundary conditions, while maintaining the in-homogeneity
of the velocity boundary condition. Under such circumstance, the effective stress of the two cases with different imposed
boundary velocities, after considering condition 1, becomesr e; d
e
ds1
 
¼ f ds2
ds1
 
r e; d
e
ds2
 
ðA:5Þorr e; d
e
ds1
; T e;
de
ds1
  
¼ k ds2
ds1
 
r e; d
e
ds2
; T e;
de
ds2
  
ðA:6Þwhere kðds2=ds1Þ ¼ f ðds2=ds1Þgðf ðds2=ds1ÞÞ under the condition 3. Therefore, the force equilibrium conditions of the two
cases are equivalent regardless of the constantmultiplier, i.e., f or k, because the right hand side of Eq. (A.1) is zero. In addition,
all of the boundary conditions in Eq. (A.2), (A.3), (A.4) are also equivalent each other for both cases. As for Eq. (A.2), du is pre-
scribed with the same values regardless of the imposed velocity so that d~u1 ¼ d~u2. For the same reason with the force equi-
librium condition, boundary conditions in Eq. (A.3) are equivalent. As for Eq. (A.4), the effect of the constant factor disappears
because both sides become same constant f or k times. Consequently, the solutions (the distributions of in-homogeneous
K. Chung et al. / International Journal of Plasticity 58 (2014) 3–34 33strain development at the whole body) for the force equilibrium and such boundary conditions are equivalent (with only dif-
ference with the development speed) regardless of the imposed boundary velocity v: the invariance principle.
The traction free condition can be released, if the non-zero traction boundary condition is modiﬁed according to the ratio
of the velocity difference; i.e., by f or k in Eqs. (A.5) and (A.6). As for the power type hardening law, especially for the room
temperature forming under the isothermal condition, the rate sensitivity of metals is so small that f  1:0; consequently, the
invariance principle becomes valid without any modiﬁcation to non-zero traction boundary conditions. As for the elastic
deformation effect, since the elastic deformation is so small compared to the plastic deformation for metals, the invariance
principle is valid even for the elasto-plastic material. Therefore, the invariance principle is applicable for most of common
room temperature stretching/drawing sheet metal forming processes.
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